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Abstract 
Recently the combination of the well-known Cahn-Hilliard and Allen-Cahn 
equations was used to describe surface processes, such as simultaneous 
adsorption/desorption and surface diffusion. In the present paper we have 
considered the one-dimensional version of the Cahn-Hilliard/Allen-Cahn equation 
complemented with convective and viscous terms. Exact solutions are obtained and 
the conditions of their existence as well as the influence of applied field and 
additional dissipation are discussed.  
Keywords: Cahn-Hilliard equation, Allen-Cahn equation, surface processes, exact 
solutions 
1.Introduction. 
Recently the combination of the well-known Cahn-Hilliard [1-4] and Allen-Cahn 
[5] equations was used to describe surface processes, such as simultaneous 
adsorption/desorption and surface diffusion.   
Now, to understand the meaning of different terms and modifications of these 
equations, we need to give some insight into the history of CH and AC equations. 
The Cahn-Hilliard equation [1-4] is now a well-established model in the theory of 
phase transitions as well in several other fields. The basic underlying idea of this 
model is that for inhomogeneous system, e.g. system undergoing a phase 
transition, the thermodynamic potential (e.g. free energy) should depend not only 
on the order parameter u , but on its gradient as well. The idea of such dependence 
was introduced already by Van der Waals [6] in his theory of capillarity. For the 
inhomogeneous system the local chemical potential  is defined as variational 
derivative of the thermodynamic potential functional. If the thermodynamic 
potential is the simplest symmetric – quadratic – function of gradient this leads to 
m
 
* peter.mchedlov@free.fr 
† ldavydov@kipt.kharkov.ua 
2 
 
the local chemical potential  which depends on Laplacian, or for the one-
dimensional case – on the second order derivative of the order parameter 
(concentration). The diffusional flux J  is proportional to the gradient of chemical 
potential ; the coefficient of proportionality is called mobility 
m
m M [7]. With 
such expression for the flux the diffusion equation instead of usual second order 
equation becomes a forth-order PDE for the order parameter u  (herein our 
notations differ from the notations in original papers): 
 u M
t
m¶ é ù=  ê úë û¢¶ ,  (1.1) 
 ( )2 u f um e= - D + .  (1.2) 
Here e  is usually presumed to be proportional to the capillarity length and 
( ) ( )d u
du
F
f u = , where  is homogeneous part of the thermodynamic potential. 
In the present communication we will take 
( )uF
( )f u  in the form of the cubic 
polynomial (corresponding to the fourth-order polynomial for the homogeneous 
part of thermodynamic potential): 
 
 ( ) ( )( )( )1 2 3f u u a u a u a= - - - . (1.3) 
By rescaling u  the coefficient at  could be always scaled to one. The classic 
Cahn-Hilliard equation was introduced as early as 1958 [1-2]; the stationary 
solutions were considered, the linearized version was treated and corresponding 
instability of homogeneous state identified. However, intensive study of the fully 
nonlinear form of this equation started essentially later [8]. Now an impressive 
amount of work is done on nonlinear Cahn-Hilliard equation, as well as on its 
numerous modifications, see [3-4]. An important modification was done by 
Novick-Cohen [9]. Taking into account the dissipation effects which are neglected 
in the derivation of the classic Cahn-Hilliard equation, she introduced the viscous 
Cahn-Hilliard (VCH) equation 
3u
 u uM
t t
m hé ùæ ö¶ ¶ ÷çê ú÷=   +ç ÷ê úç ÷ç¢ ¢¶ ¶è øë û
,  (1.4) 
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where the coefficient h  is called viscosity. It was also noticed that VCH equation 
could be derived as a certain limit of the classic Phase-Field model [10].  
Later several authors considered the nonlinear convective Cahn-Hilliard equation 
(CCH) in one space dimension [11-13], 
 u uu
t x x
ma æ ö¶ ¶ ¶ ¶ ÷ç ÷- = ç ÷ç ÷ç¢ ¢ ¢¶ ¶ ¶ ¶è øx ¢
u
.  (1.5) 
Leung [11] proposed this equation as a continual description of lattice gas phase 
separation under the influence of an external field. Similarly, Emmott and Bray 
[13] proposed this equation as a model for the spinodal decomposition of a binary 
alloy in an external field E. As they noticed, if the mobility M [7] is independent 
of the order parameter (concentration), the term involving E will drop out of the 
dynamics. To get nontrivial results, they presumed the simplest possible symmetric 
dependence of mobility on the order parameter, viz. . Then, they 
obtained the Burgers-type convection term in equation (1.5)
2r1M -
 with the coefficient 
2rEa = . Thus, the sign of a  depends both on the direction of the field and on the 
sign of r . Witelski [12] introduced the equation (1.5) as a generalization of the 
classic Cahn–Hilliard equation or as a generalization of the Kuramoto–Sivashinsky 
equation [14-15] by including a nonlinear diffusion term. In [11-13] and [16-17] 
several approximate solutions and only two exact static kink and anti-kink 
solutions were obtained. The ‘coarsening’ of domains separated by kinks and anti-
kinks was also discussed. To study the joint effects of nonlinear convection and 
viscosity, Witelski [18] introduced the convective-viscous-Cahn–Hilliard equation 
(CVCHE) with a general symmetric double-well potential ( )uF : 
 u uu M
t x x x
a m u
t
hé ùæ ö¶ ¶ ¶ ¶ ¶ ÷çê ú÷- = +ç ÷ê úç ÷ç¢ ¢ ¢ ¢¶ ¶ ¶ ¶ ¶è ø¢ë û
,  (1.6) 
 
( )22
2
d uu
dux
m e F¶= - +¢¶ .  (1.7) 
It is worth noting that all results, including the stability of solutions, were obtained 
without specifying a particular functional form of the potential. Thus, they are 
valid both for the polynomial and logarithmic [3-4] potential. Also, with an 
additional constraint imposed on nonlinearity and viscosity, the approximate 
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travelling-wave solutions were obtained. In [19] for equation (1.6) with polynomial 
potential, see (1.3), several exact single- and two-wave solutions were obtained. 
 
Evidently, the Cahn-Hilliard equation describes the evolution of the locally 
conserved order parameter. For the evolution of the non-conserved order parameter 
Allen and Cahn [5] proposed the equation 
 ( )2u u f u
t
z e¶ é ù= - - D +ê úë û¢¶ ,  (1.8) 
where  is a phenomenological constant. I.e., the change of the order parameter is 
proportional to the deviation of the local chemical potential (1.2)
z
 of an 
inhomogeneous system from its equilibrium value.  
On the other hand, the catalysis and deposition from liquid and gaseous phase 
involve, besides the overall mass transport, a manifold of processes at the surface 
itself, e.g. attachment/detachment of atoms, surface diffusion, chemical reactions, 
etc. Traditionally these surface processes were modeled by continuum-type 
reaction-diffusion models, see e.g. [20]. Such approach usually neglects detailed 
interaction between the atoms.  Recently a different model was developed [21] and 
studied in the series of papers [22-26]. On the microscopic level the bases of this 
approach is the modeling of surface processes by employing dynamic Ising type 
systems. Then the coarse-grained, mesoscopic models of Ising systems were 
developed [27-30]. As the next step, to illustrate the effects of multiple 
mechanisms, the simplification of mesoscopic equation (which retains its 
fundamental structure) for the order parameter u  was introduced [21-22]:  
 
 u M
t
m zm¶ é ù=   -ê úë û¢¶ .  (1.9) 
This is, evidently, the combination of the Cahn-Hilliard and Allen-Cahn equations. 
Here  is the proportionality constant in the Allen-Cahn equation, m  is given by 
(1.2)
z
-(1.3); below we presume for definiteness 
1 2
a a a> >
3
. In the present paper 
combining (1.9) and (1.6) we will consider the one-dimensional version of the 
Convective-Viscous Cahn-Hilliard/Allen-Cahn equation (CVCH/AC): 
 u u uu M
t x x x t
a m h zmé ùæ ö¶ ¶ ¶ ¶ ¶ ÷çê ÷- = + -ç ÷ê ç ÷ç¢ ¢ ¢ ¢ ¢¶ ¶ ¶ ¶ ¶è ø
úúë û
,  (1.10) 
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 ( )( )(22 1 22u u a u a u axm e
¶= - + - - -¢¶ )3 .  (1.11) 
In [22] the long-time behavior of large clusters was considered, so in (1.9) the time 
was rescaled with 2e  and space with e . For the one-dimensional problem which is 
considered here there is no physical reason for such scaling, see (1.10). Below we 
presume the mobility M  to be constant. Introducing the non-dimensional time 
, non-dimensional coordinate t t z= ¢ x x
M
z¢= , and 
M
aa
z
= , 2 2
M
ze e= , 
h h= z  we rewrite (1.10)-(1.11) as 
 
( )( )( )
( )( )( )
2 2
2
1 2 32 2
2
2
1 2 32
.
u u u u
u u a u a u a
t x tx x
u
u a u a u a
x
a e h
e
é ù¶ ¶ ¶ ¶ ¶ê ú- = - + - - - +ê ú¶ ¶ ¶¶ ¶ë û
¶+ - - - -¶
+
t
  (1.12) 
2. Travelling wave solution. 
 
Looking for the travelling wave solution of (1.12) we introduce the travelling wave 
coordinate z x . This yields v= -
 
( )( )( )
( )( )( )
2 2
2 2
1 2 32
1 2 3
2
.
d u d d u du
vu u a u a u a v u
dz dz dzdz
u a u a u a
a e h
ì üé ùï ïï ïê ú+ + - + - - - - +í ýê úï ïï ïë ûî þ
= - - -
e =
 (2.1) 
As usually we call “kinks” the solutions with 0du
dz
> , and “anti-kinks” – solutions 
with 0du
dz
< . We look for the anti-kink like solution, which connects the 
stationary state  at z  with the stationary state  at z . The 
simplest possible Ansatz for the solution with this property will be   
1
a = -¥
3
a = +¥
 ( )(1du u a u adz k= - - )3 , (2.2) 
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where k  is presently an unknown positive constant. Then it is, evidently,  
 ( )( )(2 2 1 21 12d u a u u a u a u adzk
æ ö÷ç ÷- = - - -ç ÷ç ÷çè ø )3 .  (2.3) 
Substituting the latter expression into (2.1) for the right-hand side and integrating 
once we get 
 
( )( )( )22 21 2 32
2
2
1
1
,
2
d d u du
u a u a u a v u
dz dzdz
au
v u C
e h
a k k
é ùê ú- + - - - - +ê úë ûæ öæ ö ÷÷ çç ÷÷+ - + + =çç ÷÷ çç ÷ ÷ç çè ø è ø
e +
  (2.4) 
where  is an arbitrary constant. Regarding the Ansatz (2.2)
1
C , for the latter 
equation to be satisfied the expression under the derivative should be proportional 
to u . I.e., for (2.2) to give the solution of (2.1), two equations should be satisfied: 
 
2
2
1
1
2
adu u
v u
dz
b a k k
æ öæ ö ÷÷ çç ÷÷+ - + + =çç ÷÷ çç ÷ ÷ç çè ø è ø C ,  (2.5) 
 ( )( )( )22 21 2 32d u duu a u a u a v u u Cdzdze h- + - - - - + = + 2e b , (2.6) 
where  and  are constants. The expressions for the derivatives are easily 
written as: 
b
2
C
 ( )2du u Xu Y
dz
k= - + ,  (2.7) 
 ( )2 2 3 2 22 2 3 2d u u Xu Y X u XYdz k é ù= - + + -ê úë û ,  (2.8) 
where we have denoted for brevity 
 . (2.9) 
1 2 1
;X a a Y a a= + =
2
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Then Eqs. (2.5), (2.6) take the form 
 2 2
1
1
2 2
a
u X v u
abk bkk k
æ öæ ö ÷÷ çç ÷÷+ - + - + + =çç ÷÷ çç ÷ ÷ç çè ø è ø C
C
+
-
,  (2.10) 
   (2.11) 
( )
( ) ( )
( ) ( )
2 2 3 2
2 2
3
2 2
2
2
2
2 3 2
.
u Xu Y X u
u X a u
v u X
Y
u u
a X u
h k e
e k
b
é ù- - + +ê úë ûé ù+ - + + +ê úë û
- + - =-
These equations should be satisfied for arbitrary u . In (2.10) and (2.11) zero-
power in u  terms are absorbed by the arbitrary constants  and . Rearranging 
the terms and equating coefficients at each power of u  to zero we finally obtain 
five constraints on the parameters, 
1
C
2
C
 ,  (2.12) 2 22 1e k =
 
2
1
0
2
vX a h k- - = ,  (2.13) 
 ( )2 2212 0v XX a h k e b++ -- =+ ,  (2.14) 
 1 0
2 2
abk k+ - = ,  (2.15) 
 2 0
a
X vbk k- + + = .  (2.16) 
If the constraints (2.12)-(2.16) are satisfied, the corresponding solutions of the 
first-order equation (2.2) are simultaneously exact travelling-wave solutions of 
equation (1.12). Equation (2.2) is easily integrated, yielding 
 
( )( ){ }
( )( ){ }
1 3 1 3
1 3
exp
1 exp
a a a a z
u
a a z
k j
k j
+ -= + - +
+
  (2.17) 
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where j  is an arbitrary constant. It is natural to take position of the maximal value 
of the derivative du
dz
 (where 
2
2
0
d u
dz
= ), asz ; then . The solution (2.2)0= 0j =  
could be rewritten in the form 
 ( )(1 3 1 3 1 312 2 2
a a a a
u th a akæ ö+ - ÷ç ÷= - - -ç ÷ç ÷çè ø)x vt .  (2.18) 
Now let us consider the constraints (2.12)-(2.16). From (2.13) and (2.14) it follows 
 .  (2.19) 2b e=
From (2.12), (2.15) and (2.19),  
 .  (2.20) 2 21 2 0ak k e= - =
This means, that the exact constant velocity travelling-wave solution is possible 
only in the absence of applied field. From (2.13) and (2.16), 
 .  (2.21) 
2 2
va vah k k=+ +
I.e., necessary either , or . If  the velocity of the transition front 
is  
1h = 0v = 1h =
 1 3
2
2
2
a a
v ae æ ö+ ÷ç ÷= -ç ÷ç ÷çè ø
.  (2.22) 
3. Discussion  
In the present paper we have considered the one-dimensional version of the 
Convective-Viscous Cahn-Hilliard/Allen-Cahn equation (CVCH/AC) (1.10). The 
combination of classic Cahn-Hilliard and Allen-Cahn equations was introduced 
[21-22] to model the surface processes involving attachment/detachment of atoms 
and surface diffusion. Our aim was to explore the influence of additional factors, 
such as external field (modeled by the convective term), and additional dissipation 
(modeled by viscous term) on this model. It is well known that for the classic 
Cahn-Hilliard equation only exact static solutions are possible. Nevertheless, the 
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introduction of the convective and viscous terms enables, for the balance of 
external field and dissipation, existence of exact one- and two-wave solutions [19]. 
However, for the CVCHAC the situation is essentially different. The very presence 
of external field makes the existence of exact constant-velocity travelling wave 
solution impossible (2.20). On the other hand, the existence of such solution is 
ensured by the balance between the additional dissipation in diffusion (i.e. in the 
“Cahn-Hilliard part”) and “Allen-Cahn part”, 1h = , or in the initial notations 
1h = z . Otherwise only exact static solutions (as for the classic Cahn-Hilliard 
equation) are possible. In the initial notation the dimensional velocity V  is 
 1 3
2
2
2
a a
V aez æ ö+ ÷ç ÷= -ç ÷ç ÷çè ø
.  (3.1) 
Remarkably, while the dependence of velocity on the values of stationary states is 
exactly the same, as for the well known solution of the diffusion equation with 
cubic nonlinearity, i.e. on the Allen-Cahn part, the coefficient depends on the 
capillarity length e , i.e. on the Cahn-Hilliard part. It evidently reminds the 
appearance of the surface tension in the expression for the velocity for the motion 
by mean curvature [22], though the “driving forces” are essentially different. 
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